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Abstract 
We are interested in a notion of domination related to both vertices and edges of graphs. We 
present results about Q(G), the total domination number of a graph G and study ad(G), which 
is the minimum value of IX*(S) where S is any total dominating set of G. In particular, we prove 
relations between these two parameters and give lower and upper bounds for Q(G). 
1. Introduction 
Let G = (V, E) be a simple undirected graph of order n, size m, minimum degree 
6 and maximum degree d. 
The vertices and edges of G are called the elements of G. Given elements x and y, 
we say x dominates y if x = y or if x and y are adjacent or incident. Thus, a vertex 
u of G is said to dominate (or cover) itself, all vertices adjacent to o and all edges 
incident to it. Similarly, an edge e of G dominates itself, the two end vertices of e 
and all edges incident to e. A set S of elements of G is called a total dominating set 
if each element in G is dominated by some element in S. 
For a given graph G, let the total domination number of G, denoted q(G) (if 
no misunderstanding, ~12) be the cardinality of a smallest subset S of elements which 
dominate G. 
This parameter has been introduced by Kulli. Sets of elements which dominate all 
other elements in a graph are studied in [ l-31. 
We consider here an extension of this notion. 
Given S and T two sets of elements in G, we say T dominates S (with T not 
necessarily included in S), if each element in S is dominated in G by some element in 
T, and let a*(S) = Inf {ITI, T dominates S}. Taking S = V(G) U_!?(G), this definition 
gives q(G). 
* Corresponding author. E-mail: maheo@lri.lri.fr. 
0012-365X/97/$17.00 Copyright @ 1997 Elsevier Science B.V. All rights reserved 
PIISOOl2-365X(96)00181-1 
344 J. Gimbel et al. I Discrete Mathematics 165/166- (1997) 343-351 
Let us define the double total domination number of G, denoted Q(G) the minimum 
value of Q(S) taken over all total dominating sets S of G. 
In Section 3, we give results on this parameter. 
Note that the two parameters, CIZ and ad of G, are obtained by adding the connected 
components, therefore in most of the cases, we will suppose that G is connected. 
2. Results on the total domination number 
We first give a remark which will be used in the following. 
Remark. A total dominating set of minimum cardinality never contains two adjacent 
vertices and the edge which join them. 
In the next proposition, we recall a property of the parameter az(G). 
Proposition 2.1 (Alavi et al. [l] and Gimbel and Vestergaard [3]). For any connected 
graph G of order n, 1 < a2 < [n/21 , and the bounds are sharp: a2(Ki,_i) = 1 and 
@2(Kn ) = [n/21. 
In the next proposition, we give a Nordhaus-Gaddum-type inequality for az(G). 
Proposition 2.2. For any graph G of order n, LYE + Q(G) 3 [n/21 + 1. The bound 
is sharp, as seen for example, by the graphs KI,~_ 1, n odd. 
Proof. Let us consider a graph G of order n and its complement G. 
The proposition is easy to verify for n d 3, so we suppose n 3 4. 
Let S (resp. 3) be a total dominating set of G (resp. G), such that ISI = Q(G) 
(resp. ISI = Q(G)). 
Note that S Us is a total dominating set of K,, so IS U $1 2 az(K,) = [n/21 . More- 
over, IS U ,!?I = CQ(G) + a~((?) - IS n 81. Thus, E*(G) + a~((?) 2 [n/21 + IS nJ1. 
If S n 3 # 8 then IS n 51 2 1 and the result is obtained. 
We then suppose S n J? = 0. It turns out that IS UsI = q(G) + Q(G). 
Let X (resp. 2) be the set of vertices of S (resp. 3). S n $ = 8 implies that Xfl8 = 
0. If, for example, X = 0, then obviously ISI 3 [n/2] and the result is true. So we 
may assume that neither X nor J? is empty. Let R = V(G)\(X U J?) and let p, j 
and r be the cardinalities of X, J? and R, respectively. We have p + j + r = n, and 
p 3 1,j 3 1. 
We remark that if R = 8 and n 3 4 then IS U 31 2 n > [n/21, and the result is true. 
So now we suppose that R # 8. 
We also note the following: 
- If there are at least two edges of (S U s), say xu and yv where x, y E X U2? and 
U, v E R, we can replace {x, y, XU, yv} by {x, y, UV} (or {x, y, U} if u = v) and then 
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obtain another total dominating set T of K,, such that IS U 31 > /Ti > [n/2], and the 
result is obtained for this case. 
Then, finally, we consider that there is no more than one edge of S U s between 
X U 2 and R. We have two possibilities, in which we compute the elements of S U 3 
dominating (in K,) the elements of the complete graph, denoted KR, induced on R. 
These elements are, by definition of R, edges of S u s. 
There is exactly one edge of S U 3, say xu, between X U 2? and R. This edge 
dominates the edges of KR incident to u, and we need at least L(Y - 1)/21 edges to 
dominate the edges of &\ {u}. 
Thus, 
which gives the result. 
There is no edge of S U T? between X U T? and R. Thus, at least [r/2] edges are 
needed in order to dominate the elements of KR. 
Thus, 
J. Results on the double total domination number 
In this section, we give relations between ~(2 and c(d, and determine upper and lower 
bounds for %,j. 
Proposition 3.1. For any graph G, c(d < x2. Equality holds jtir a star. 
Proof. Let S be a total dominating set of G and T a total dominating set of S. In partic- 
ular, S dominates itself. So, the minimum of ITI taken over all sets T which dominate 
S, i.e. %2(S) is less than or equal to IS]. Then, Inf{rz(S),S dominates G} < Inf{/S~,S 
dominates G}, that is the result to prove. 0 
Proposition 3.2. For any connected graph G of order n, ~2 - xd d [n/21 - 1. Equalit_v 
holds jbr K,. 
z/2] , and it is clear Proof. In [ 1,3], it is proved that for any connected graph, a2 < [I 
that ad 3 I so the result is obvious. 0 
We shall now characterize the graphs which satisfy x2 = rd. 
Recall that a star (resp. a double star) is a tree with exactly one 
of degree greater than one. 
(resp. two) vertices 
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Fig. 1. 
Proposition 3.3. G is a graph such that ~(2 = Ed tf and only tf G is a disjoint union 
of graphs Gi where Gi consists of a star and ki disjoint double stars (ki 2 0), such 
that if x denotes the center of the star then any of the end vertices of the double 
stars is in N[x]. 
Moreover, tf G has the above structure, we have c12 = ad = Ci(ki + 1). (see 
Fig. 1.) 
AS ~12(G) = Cia2(Gi), Q(G) = CiQ(Gi) an ad < c12, then we Only study a con- d 
nected component denoted by G in order to make the proof easier to read. 
To prove the proposition we need the three following lemmas. 
Lemma 1. If 012(G) = ad(G) and if M is a total dominating set of G of cardinality 
Q(G), then each element in G is dominated by exactly one element in M. 
Proof. Since the relation of domination is symmetric, if one element x of G is domi- 
nated by two distinct elements y and z of M, then M’ = (M - {y,z}) U {x} dominates 
M and ad(G) < (M’j < IMI, a contradiction. 0 
Lemma 2. Zf a2(G) = q(G), then G is Kj-free. 
Proof. Let M be a total dominating set of G of cardinality Q(G) and suppose G 
contains a triangle uuw. 
- If none of the elements of the triangle is in M, two edges are needed to dominate the 
edges of the triangle, say vt and wz with t, z @ {u, v, w}. Therefore, VW is dominated 
by both, a contradiction with Lemma 1. 
- In the same way, we can prove that if one of the vertices of the triangle is in M, 
we would have a contradiction of the same type. 
- If one of the edges of the triangle is in M, say uw, since none of the elements 
of the triangle is dominated by two elements of M, then u is dominated by a vertex 
t I$ {v, w}. M’ = M - {t, VW} U {t, v, w} is a dominating set of G. The set {t, u, w} is 
dominated by u, which would give ~12 > Ed, a contradiction. 0 
Lemma 3. Let G be a graph such that az(G) = cld(G), and which contains a double 
star D as a subgraph. If the end vertices of D are some of the end vertices of 
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m induced stur the center of which does not belong to V(D), then this star is 
unique. 
Proof. Suppose a double star D, of middle edge UZ, shares all its end vertices with 
two different stars Sl and Sz of centers x1 and x2. To dominate the elements of the 
subgraph generated by {xl, x2, z, U} U N[xl] U N[Q], we need at least three elements, 
for example x1, x2 and yz. If we consider another dominating set where {xl, x2, yz} 
is replaced by S = { xl, x2, y, z}, we easily see that we need only two elements to 
dominate S, a contradiction with az(G) = Q(G). c7 
Proof of Proposition 3.3. The result being obvious for n d 2, we consider n > 2. 
(a) Suppose 22 = Md. Let M be a total dominating set of the graph G, of cardinality 
x2(G). 
Suppose there exists no vertex in M. If uv is an edge in M, according to Lemma 
1, the vertices of N[u] U N[v] could not be dominated. 
Thus, there exists a vertex x in M. x dominates its neighbors yi, the edges incident 
to it and itself. According to Lemma 1, those elements are not dominated by another 
element of M. Thus, the edges incident to yi are not in M and two neighbors y, and 
y, of x are not adjacent since G is Kj-free by Lemma 2. 
We have two cases: 
~ Yi,x is the only neighbor of yi. Then G is a star and the result is true. 
- There exists z # x adjacent to some y,. The edge yjz can only be dominated by an 
edge zu EM with u E N[z] - N[x]. 
If u is of degree one, by taking M’ = (M - zu) U {z} we obtain a total dominating 
set M’ of cardinality CQ and y does not satisfy Lemma 1. Then d(u) > 1 and zu is the 
middle edge of a double star. 
If x is of degree one, by taking M’ = (M - {x} ) U {y} we obtain a total dominating 
set M’ of cardinality ~(2 and z does not satisfy Lemma 1. Then x is the center of a 
star. 
Remark also that the neighbors of z and those of u are disjoint (Lemma 2). These 
vertices can only be dominated by x; elsewhere, by Lemma 1, it could only be by a 
vertex x’, and exchanging the role of x and x’, we obtain that x’ is the center of a star, 
a contradiction with Lemma 3. 
Thus, G consists of a star of center x and k double stars of middle edges ZiUi whose 
end vertices are neighbors of x. Note that M = {x}& {ziui} is a total dominating set 
of G such that IMI = ~2 = Ed. 
Finally, note that two double stars are necessarily disjoint. Suppose, on the contrary, 
for example, D1 and 02 have a common vertex y E N[zl] U N[zz], which is also a 
neighbor of x. Consider Ml, a total dominating set of G (not of minimum cardinal&y), 
made of the edges incident to x, and the vertices Zi of the double stars of G. Ml is 
dominated by T1 = {~,y}lJ~~~,~{z~}, with IT1 1 = ~12 - 1, a contradiction with ~(2 = ad. 
(b) Conversely, if G has the structure described in the proposition, then it is easy 
to verify that c12 = ad. 0 
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Proposition 3.4. For any graph G of order n, size m and maximum degree A, LXd 2 
[(n + m>/(2A2 + 1>1 . 
Proof. First, let us recall that the incidence graph of a graph G is the bipartite graph 
H = (V(H), E(H)), where V(H) is composed of the vertices and the edges of G; an 
edge in E(H) connects a vertex and an edge which are incident in G. 
Let S be a total dominating set of G and T a total dominating set of S. We look 
for a lower bound for 1 T I. 
The elements of T must enable to dominate within two steps the n+m elements of G. 
Considering H, we see that a vertex x of G dominates at most itself, A edges, A 
vertices, each of those vertices dominating at most A edges of G. So within two steps, 
a vertex x of G enables to dominate at most itself, A + A( A - 1) = A2 edges, and A2 
vertices, i.e. 2A2 + 1 elements of G. 
In the same way, within two steps, an edge xy of G enables to dominate at most 
itself, 2( A - 1) + 2 = 2 A vertices, 2( A - 1) + 2( A - 1 )2 = 2 A2 - 2 A edges, i.e. 2 A2 + 1 
elements of G. 
The result is then obvious. 0 
Corollary. c(d(cn) = [2n/91 and Ed(pn > = [(%I - 1>/91. 
Proof. It is easy to verify these equalities for n < 8. 
Let 1 , . . . , n be the vertices of the cycle C,,. Suppose n = 9k + s with 0 d s d 8. We 
consider Sj = {9i+2,9i+4, (9i+.5,9i+7), (9i+8,9i+9)}. Let S = UfI$‘SiUSi, where 
~~=0,~~=~9k+1~,~~=~~=~9k+2~,~~=~9k+2,9k+4~,~~=~9k+2,9k+ 
4,9k+5},$ = {9k+2,9k+4,(9k+6,1)},$ = {9k+2,9k+4,(9k+6,9k+7)},S; = 
S; u (9k + 8). 
Let Ti = (9i + 3, (9i + 7,9i + 8)) and T = Ui$’ c U T,’ where T,’ dominates Si 
and T,’ depending on the value of s but verifying ITi1 = [2s/91 
It is easy to verify that S dominates G and T dominates S. 
Then &j(C,) d 2k + [2s/91 = [L&z/91 . 
In the same way, we can show that ad(p,) < [(2n - 1)/91 . 
On the other hand, applying the previous proposition, with m = n for the cycle or 
n - 1 for the path, and A = 2, we get the result as required. 0 
We give now an upper bound for the parameter ad. 
Proposition 3.5. If G is a connected graph with ) V(G)1 d 8 then cid d 2. 
Proof. It is easy to verify that for every G of order n, 1 < n < 4, Q(G) = 1. 
We then consider only the case of a connected graph G of order exactly eight, the 
cases n = 5, 6, 7 being solved with the same idea. 
?? If A(G) = 2 then G is a path or cycle in which case &j = 2. 
?? So suppose A(G) 2 3. 
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- If G has a vertex v of degree at least four then we note that the neighborhood 
N[u] of ~1 dominates all but at most two vertices and three edges. In which case 
this neighborhood and an edge dominate all the elements of G and thus 
%d < 2. 
-- If d(G) = 3, let v be a vertex of degree three and vr, ~2, v3 be its neighbors. Let 
U~,UZ,U~ and 244 be the vertices of G -- {v, zii, ~‘2, VI}. 
If the graph G’ induced by the four vertices U, has a vertex, say ul, of degree at 
least two in this graph, then N[v] U N[ul] dominates all of G. 
If G’ contains no edges, then N[v] dominates all of G. 
If G’ contains exactly one edge, say e, then N[v] and e dominate all of G. 
Suppose now G’ contains exactly two edges. From the preceeding argument, we see 
the edges must be nonadjacent. Without loss of generality, let us say the edges are 
UI u2 and 243114. We consider two cases. 
Case 1. Suppose some vertex of (~1, ~2,~s) is adjacent to a vertex of (~1, ~1) and 
a vertex of (~3, ~4). Without loss of generality, say ~1~1 and v1u3 are edges of G. In 
this case N[c] and N[vi] dominates all G. Hence, xd < 2 and case 1 is complete. 
Case 2. Without loss of generality, suppose viui and ~2~3 are edges of G and us is 
not adjacent to 24 nor 244. In this case, N[u,] UhT[v2] dominate G. Hence, the case and 
the proof are complete. 0 
Remark. For any connected graph G of order n, 2 d n d 8 we have ad(G) d n/2. For 
n = 1, ad(G) = 1. 
Proposition 3.6. Zf G is a connected graph of order n 3 6 then Sld(G) < Ln/3] and 
the bound is sharp. 
We need the next lemma. 
Lemma. Let G be a connected graph of order n > 9. Suppose G contains a suhgraph 
H with a subset K of elements such that: 
(a) K has domination number one, 
(b) K dominates H and all edges incident to H, 
(c) The graph G - H obtained by removing all vertices of H and all the edges 
incident to them is connected. 
Then, !xd(G) d ad(G -H) + 1. 
Proof. Let T1 be a set of elements such that 1 T, / = xd(G - H), and let Si be a total 
dominating set of G - H, dominated by T1. 
Let {a} be a total dominating set of K. 
Thus, S = S1 UK dominates G and T = Z’i U {a} dominates S. 
Then, rd(G) < ]TI < Qd(G -H) + 1 . 0 
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Proof of Proposition 3.6. For 6 d n d 8, we have, from Proposition 3.5., ad(G) d 2 = 
1431. So, suppose IZ 2 9. 
We look for a subgraph H on at least three vertices and verifying the conditions of 
the lemma. 
If G itself satisfies the conditions of the lemma, the result is obvious. 
Otherwise, we will invoke the induction hypothesis and note 
(1) 
So we proceed with the construction of H. 
Suppose G contains a star H on at least three vertices, as a subgraph and such that 
G - H is connected. Taking K = V(H), we can apply the lemma and (1) is satisfied. 
Suppose then that G contains no such star. Choose T, a spanning tree of G with 
largest diameter and let P be a longest path in T. If P has at most three vertices, the 
proof is clearly trivial. So suppose P has at least four vertices. Let u be an endpoint of 
P. Let v be the vertex adjacent to u in P and let w be the other vertex of P adjacent 
to v in T. We note that v cannot be adjacent in T to any other vertices, for otherwise 
P would not be a longest path in G or v would be the center of a star H on at least 
three vertices such that G - H would still be connected. Remove from T all vertices 
of P except u, v and w. Let C be the remaining component of T which contains u, v 
and w. If C contains no other vertices, then we have a star H such that G - H is 
connected. Otherwise, let us call Y the set of vertices of C adjacent to w in G and 
X’ be the set of all vertices of C which are at a distance of 2 from w in G. Remove 
from X’ all vertices which are adjacent in G to some vertex not in C, and call X 
the remaining set. Note X U Y U {w} contains at least three vertices. There is no edge 
in the graph induced by X, for otherwise G would have a path longer than P. Thus, 
Y U {w} dominates all the elements of the graph H induced by X U Y U {w} together 
with any edges incident with this graph. Letting S = Y U {w} completes the proof. 
Taking the graph obtained from a star by 
three, we see that the bound is sharp. 0 
We now give bounds for ad(G) + Q(G). 
replacing each branch by a path of length 
Proposition 3.7. For any graph G of order n, 2 d Q(G) + Q(G) < n + 1 and the two 
bounds are sharp. 
Proof. (a) The lower bound is obvious and attained for the graph G obtained from a 
star by joining an extra vertex to a vertex of degree 1 in the star. 
(b) For small values of n, 1 d n < 5, the upper bound is easy to verify using 
Proposition 3.5. when necessary. Suppose n 9 6. 
As G and G are not both disconnected, we have only two cases to study: 
?? If G and G are both connected, by Propositions 3.5. and 3.6., we have ad(G) < [n/3], 
and ad(G) d [n/3], then Q(G) + ad(G) < n + 1. 
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?? Suppose now G is disconnected and thus G is connected. Let k, k 3 0 be the number 
of isolated vertices of G and let q,2 Q q d n be the total number of connected 
components Hi of G. Let ~1,. , pq be the order of these components. We have 
p1 + p2 + ‘. + pq = n. 
We consider two subcases: 
- If k = 0, then ‘di,pj 3 2 and Q(G) = ~~=,cld(H~) < Cyz,(pi/2) = n/2. 
Moreover, as n 3 6, Q(G) d 
11 
i and then 0$(G) + &j(G) < 5n/6 < n + 1. 
- Ifp, = . . . = pk = 1, ad(G) = k +x?- l_k+lad(&) 6 k+(a - k)/2 = (n+k)/2. 
In the graph G, we have a complete subgraph Hk, for which b,j = 1, and for the 
remaining subgraph, xd < (n - k)/3. 
Consequently, 
n+k n-k 5n k 
&j(G) + ‘xd(@ d 2 + 1 + -y- =6+6+l<n+l. 
Note that we have equality in (2) if and only if k = n, that is, if and only if G (01 
G) is the complete graph K,,. ??
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